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Lecture 5 - Coloring Planar Graphs

In 1852 Francis Guthrie observed that England region map can be colored with 4 colors such that any two

regions sharing a border are colored di↵erently. He observed that in general, one need at least 4 colors for

coloring any map and came with the following problem.

1: Color states in Midwest and the silly map. Can you do Midwest with just three colors?

Four Color Problem (Francis Guthrie). Regions of any planar map can be colored with four colors such
that any two regions that share a common border are colored di↵erently.

Kempe chain: Let G be a graph, ' its proper coloring and c1 and c2 two colors. Let H be a maximal (in

inclusion) connected subgraph of G such that for every v 2 V (H) holds '(v) 2 {c1, c2}. Define a coloring % for

every vertex v 2 V (G) in the following way:

%(v) :=

8
><

>:

c1 if v 2 V (H) and '(v) = c2 ,

c2 if v 2 V (H) and '(v) = c1 ,

'(v) otherwise.

Due to the maximality of H, % is a proper coloring. We call H a Kempe chain. Note that H is a component of

the subgraph induced by c1- and c2-colored vertices. We usually denote this graph by H(c1, c2).

2: Find a red-blue Kempe chain and switch the colors.

K
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A classical example for Kempe chains is the proof of the Five Color Theorem.

Theorem 1 (Heawood). Every planar graph is 5-colorable.

3: Prove the theorem using Kempe chains and degeneracy.

Solution: Suppose for contradiction that there exists a counterexample G already
embedded in the plane. We may assume G is 6-critical, and since it is 5-degenerated,
it must have a vertex v of degree 5. Let H = G � v. As H is smaller than G, there
exists a proper coloring ' : V (H) ! {1, 2, 3, 4, 5}.

Our goal is to modify ' and extend it to a proper coloring of G. We may assume that all
five neighbours of v have di↵erent colors, otherwise there will be a color not appearing
in the neighbours of v and we can assign it to v, and we are done. Assume without
loss of generality that v1, v2, v3, v4 and v5 are the neighbours of v in the clockwise order
and that '(vi) = i for each i.

Finally, Kempe chains come into the scene. Let K be a Kempe chain of colors 2 and 5
containing vertex v2. See Figure ??(a) for the first case. If K does not contain v5 we
exchange colors on K and the resulting coloring % can be extended to a coloring of G
by assigning %(v) = 2. Note that %(v2) = 5 and %(vi) = '(vi) for i 2 {1, 3, 4, 5}. Hence
% is a proper coloring of G.
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So we assume that K contains both v2 and v5. Switching colors on K does not help
in this case as the neighborhood of v would still contain all five colors. The existence
of K implies that there exists a path of vertices colored 2 and 5 connecting v2 and
v5. Together with planarity it implies that there does not exist a path of vertices
colored 1 and 4 connecting v1 and v4. Hence we take a Kempe chain L on colors 1 and
4 containing v1 and flip colors on L. The resulting coloring % can be extended to a
proper coloring of G by assigning %(v) = 1.
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Theorem 2 (Heawood). A planar triangulation with every vertex of even degree is 3-colorable.

Proof postponed to nowhere-zero integer flows class.

In 1969, Heesch presented the Discharging method and in 1977 using this method Appel and Haken succeeded

in solving the Four Color Theorem using hard to verify proof. In 1995, Robertson, Sanders, Seymour and

Thomas gave a new proof still based on computer assistant but a significantly shorter one.

Four Color Theorem (Appel and Haken). Regions of any planar map can be colored with four colors such
that any two regions that share a common border are colored di↵erently.

Theorem 3 (Grötzsch). Every planar traingle-free is 3-colorable.

The original proof was technical. We present a short proof using by bound of Kostochka and Yancey. If G is a

4-critical graph on n vertices with m edges, then

m � 5n� 2

3
.

Proof. Let G be a minimal counterexample on n vertices, m edges, embedded in the plane with f faces. By the

minimality, G is a 4-critical graph.

4: Show that G has no 4-faces. Hint: identify opposite vertices.

Solution: Suppose first that G has a 4-face v1, v2, v3, v4. Since G is triangle-free, v1v3
and v2v4 are not edges of G. Let G0 be obtained from G by identifying v1 and v3 into a
vertex v

0. If G0 is triangle-free, then there exists a 3-coloring ' of G0 by the minimality
of G. By assigning '(v1) = '(v3) = '(v0), we obtain a 3-coloring of G, which is a
contradiction. Hence G

0 is not triangle-free, which gives a path v1, x1, x2, v3 in G. By
the same argument applied on v2 and v4, we conclude there is also a path v2, y1, y2, v4

in G.

Since G is embedded the plane, paths v2, y1, y2, v4 and v1, x1, x2, v3 must cross and
they must cross at a vertex. Without loss of generality, assume y2 = x2. This give a
triangle v3, v4, y2 in G, which is a contradiction with G being triangle-free. Therefore,
we conclude G has no 4-faces.

5: Give a lower bound on the number of edges using the number of vertices.

Solution: Since G has no 4-faces and it is triangle-free, the shortest face is a 5-face.
The Euler’s formula

n+ f = m+ 2

implies that 5n� 10 � 3m.

6: Finish the proof.

Solution: The bound contradicts Kostochka-Yancey m � 5n�2

3
.
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1 Discharging method

Discharging is a very powerful technique for proving various theorems about planar graphs (almost anything

about planar graphs).

Usually rather technical proofs, but great fit for the plane and local constraints like in coloring.

Discharging proof outline

• a minimum counterexample G

• List reducible configurations which cannot occur in G.

• Assign initial charge to vertices and faces of G.

• sum of all charges is negative (by Euler’s formula).

• Apply some rules for shifting the charges between vertices and faces while preserving the total sum.

• Argue that if G has no reducible configuration, then the final charge of every face and every vertex is

nonnegative (this gives a contradiction)

The proof gives that every planar graph contains at least ine of the reducible configurations.

Example:

Theorem 4. Let G be a planar graph. Then �(G)  5.

Proof. Let G be a counterexample. We may assume that G is 6-critical, and as critical graphs are without

clique-cuts, so G has no separating 3-cycle. It also gives minimum degree at least 5.

Reducible configurations. 7: Show that a 5-vertex v incident with two triangles T1, T2 sharing an edge
containing v is reducible.

x1

u

x2

v

T1T2

Solution: To reduce this configuration we use an identification of vertices. Let u be
the other vertex shared by the triangles and xi be the third vertex of Ti for i 2 {1, 2}.
Note that x1 is not adjacent to x2 as otherwise x1x2v would be a separating triangle.
Let G0 be obtained from G by removing v and identifying x1 and x2 into a new vertex
x. As G has the minimum number of vertices there exists a proper 5-coloring '

0 of G0.
Notice that '

0 gives a proper 5-coloring of G � v, where x2 and x1 receive the same
color. Hence it is possible to extend the coloring to v.
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Initial charges. By `(f) we denote the length of a facial walk around f where bridges are counted twice. We

define the initial charges ch for a vertex v and a face f in the following way:

ch(v) = deg(v)� 6 and ch(f) = 2`(f)� 6.

8: Verify that the sum of all charges is negative by Euler’s formula.

Solution:

X

v2V (G)

ch(v) +
X

f2F (G)

ch(f) =
X

v2V (G)

(deg(v)� 6) +
X

f2F (G)

(2`(f)� 6)

= (2|E(G)|� 6|V (G)|) + (4|E(G)|� 6|F (G)|)
= 6(|E(G)|� |V (G)|� |F (G)|)
= �12.

9: What as positive and what has negative charge? What are charges of vertices and faces with small degree

or `?

Solution: 5-vertex has negative charge �1. Everything else has non-negative.

Discharging rules. We use only one discharging rule to redistribute the initial charge to increase the charge

on 5-vertices. A face of size 4 or more, is a 4
+-face.

Rule 1. Every 4
+-face sends charge 1

2 to every adjacent 5-vertex.

Final charges We use ch
⇤
(x) to denote the final charge of a vertex or face x.

10: Show that ch
⇤
(x) � 0 for every vertex and face x.

Solution:

Let v be a vertex of G. If deg(v) � 6 then ch(v) = ch⇤(v) � 0. If deg(v) = 5, then v is
adjacent to at most two triangular faces. Otherwise we have a reducible configuration.
Hence v is adjacent to at least three 4+-faces that are each of them sends charge 1

2
to

v according to Rule 1. Thus ch⇤(v) = ch(v) + 3

2
� 1

2
.

Let f be a face of G. If f is a triangle then ch(f) = ch⇤(f) = 0. Otherwise, Rule 1
may be applied to every vertex of f . Hence ch⇤(v) = ch(f)� `(f)/2 = 3

2
`(f)� 6 � 0.

As the resulting charges is nonnegative for every vertex and every face, we get a
contradiction, which establish the claim.
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